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Wetting films on chemically heterogeneous substrates

C. Bauer and S. Dietrich
Fachbereich Physik, Bergische Universita¨t Wuppertal, D-42097 Wuppertal, Germany

~Received 11 June 1999!

Based on a microscopic density functional theory, we investigate the morphology of thin liquidlike wetting
films adsorbed on substrates endowed with well-defined chemical heterogeneities. As paradigmatic cases we
focus on a single chemical step and on a single stripe. In view of applications in microfluidics, the accuracy of
guiding liquids by chemical microchannels is discussed. Finally we give a general prescription of how to
investigate theoretically the wetting properties of substrates with arbitrary chemical structures.
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PACS number~s!: 68.45.Gd, 68.10.2m, 82.65.Dp
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I. INTRODUCTION

A large variety of experimental techniques has emer
which allows one to endow solid substrates with stable, p
sistent, and well-defined lateral patterns of a geometrical
chemical nature, or a combination thereof@1–6#. The spatial
extension of these regular structures ranges from themm
scale down to nm. A major part of the application potent
of such manmade surfaces is based on their exposure to
ids and their ability to imprint permanent, well-defined stru
tures on adjacent soft matter encompassing simple anorg
and organic liquids as well as complex fluids such as po
mer solutions or colloidal suspensions~see, e.g., Ref.@7#!.

Here we are interested in planar, chemically structu
surfaces. Recent experiments have explored the wetting
adsorption properties of fluids and polymer solutions on s
heterogeneous surfaces@8–15#; some studies even have dem
onstrated the feasibility to control the growth of biologic
systems by attaching them to structured surfaces@16,17#, and
to recognize biological molecules, e.g., proteins, selectiv
by bringing them into contact with nanostructured surfa
@18,19#. In the context of microfluidics@20,21#, one is inter-
ested in guiding small quantities of valuable liquids to d
ignated sites where they can either be analyzed or und
chemical reactions. This transportation problem can
solved by using microgrooves or microchannels. Altern
tively, liquids can be guided along chemical lanes on
substrates. Such an integrated network can be used to
chemical chips and tiny chemical factories~see, e.g., Ref.
@22#!. This development has been greatly facilitated by
emergence of microcontact printing@23–26# as an important
technique to cover solid substrates with designed chem
patterns. With this technique one can create surface patt
which consist of regular monolayer patches composed of
ferent chemical species. These patterns are anchored
homogeneous and flat substrate such that the resulting d
rated surface remains flat on a molecular scale. Such a pa
work of, e.g., hydrophilic and hydrophobic areas with late
extensions in the submicrometer range can be designed
high precision, and turns out to be rather robust.

In view of the desired miniaturization of such structure
question arises of the extent to which thermal fluctuatio
limit the ability to keep adsorbed liquids with high later
precision on the designated chemical patterns without s
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ing. Moreover, one would like to know which chemical an
structural architecture of the manmade surface is favora
for miniaturization. This requires decoding the relation b
tween the structural properties of the highly inhomogene
liquids and the molecular interaction potentials of the flu
particles and of the various, specifically arranged subst
particles.

We address some of these issues for the case of the
equilibrium by suitable tools of statistical mechanics. Diffe
ent theoretical models have already been applied to st
various basic properties of adsorption of liquids on stru
tured substrates. Exact virial theorems and compressib
sum rules, as they can be formulated for fluids in cont
with homogeneous walls, have also been derived for het
geneous substrates@27#. In this context phenomenologica
interface displacement and square-gradient models@14,28–
34#, as well as lattice gas models@35–37#, highlight the gen-
eral behavior of liquidlike wetting layers and their singul
properties at surface or morphological phase transitio
More sophisticated theories such as density functional th
ries @38–43# and computer simulations@11,44–47# have the
potential to investigate in detail the role of microscopic i
teractions, and to resolve the fine structures of the flu
under consideration on a molecular scale. Whereas
former theories are based on severe simplifications and fo
on idealized systems on a macroscopic scale~i.e., mm and
larger!, the latter require high computational efforts such th
only rather small systems like pores and slits can be stud
Our present analysis is supposed to provide a link betw
these two approaches in that it keeps track of the microsc
molecular interactions between the various constituents
leaves out fine structures on a molecular scale. This allo
us to investigate liquidlike structures on a mesoscopic sc
commensurate with the actual experimental system sizes
basic ingredients for the molecular interactions we ad
Lennard-Jones, i.e., long-ranged, interaction potenti
These potentials are not only applicable for rare gases,
also resemble reliable effective potentials for molecules l
small alkanes or alcohols@48#.

In order to provide the information and terminology r
quired for the subsequent considerations in Sec. II, we re
some basic results for the wetting of flat and homogene
substrates@49,50#, and extend them to the case of homog
neous substrates covered by a laterally homogeneous o
6919 © 1999 The American Physical Society
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6920 PRE 60C. BAUER AND S. DIETRICH
layer. In Sec. III we present the theoretical basis for o
analysis of the wetting of chemically structured substra
from which we derive many analytical and numerical resu
in Secs. IV and V, respectively. These results extend
complete earlier studies which also focused on the me
copic structure of liquidlike layers on heterogeneous s
strates@38,51#. Our analysis is carried out within mean fie
theory without taking into account capillary wavelike flu
tuations and the strong fluctuations arising near criti
points of the fluids. We focus our analysis on three parad
matic chemical surface structures: a chemical step gener
by two adjacent quarter spaces filled with different materia
a chemical step generated by two different adjacent sur
layers covering a homogeneous substrate, and a chem
stripe generated by a slab of different material immersed
an otherwise homogeneous substrate orthogonal to the c
mon flat surface. Finally, in Sec. VI we extend our approa
to arbitrary chemically structured substrates, and summa
our results in Sec. VII. Technical details of the substr
potentials and of the density functional description are p
sented in Appendixes A and B, respectively.

II. WETTING OF LATERALLY
HOMOGENEOUS SUBSTRATES

A. Density functional theory

Our theoretical analysis is based on the following sim
@52# but nonetheless successful@50# density functional
theory for a spatially inhomogeneous number densityr(r ) of
fluid particles:

V„@r~r !#;T,m…5E
L

d3r f HS„r~r !,T…

1E
L

d3r @V~r !2m#r~r !

1
1

2EL
d3r E

L
d3r 8 w̃~ ur2r 8u!r~r !r~r 8!.

~2.1!

The minimum ofV@r(r )# with respect tor(r ) yields the
grand canonical free energy of the fluid corresponding t
prescribed temperatureT and chemical potentialm. V(r ) de-
notes the substrate potential, andw̃(r ) is the attractive part of
the fluid interparticle potential.L is the volume occupied by
the fluid particles.f HS is the free energy density of a hard
sphere reference fluid. This contribution takes into acco
the repulsive part of the fluid interparticle potential within
local density approximation which neglects short-rang
particle-particle correlations. These correlations become
portant in the close vicinity of the substrate surface. No
theless Eq.~2.1! has turned out to provide a very usef
description of wetting phenomena in the case when the
sorbed liquidlike films are much thicker than the diameters f
of the fluid particles.

The fluid particles are assumed to interact via a Lenna
Jones potential

f f~r !54e fF S s f

r D 12

2S s f

r D 6G . ~2.2!
r
s,
s
d
s-
-

l
-

ted
,

ce
cal
in
m-
h
ze
e
-

e

a

nt

d
-
-

d-

-

We apply the Weeks-Chandler-Andersen~WCA! procedure
@53# to split up this interaction into an attractive partfatt(r )
and a repulsive partf rep(r ). The latter gives rise to an effec
tive, temperature dependent, hard sphere diameter

d~T!5E
0

21/6s f
drH 12expS 2

f rep~r !

kBT D J , ~2.3!

which is inserted into the Carnahan-Starling approximat
for the free energy density of the hard-sphere fluid@54#,

f HS~r,T!5kBTrS ln~rl3!211
4h23h2

~12h!2 D , ~2.4!

whereh5(p/6)r@d(T)#3 is the dimensionless packing frac
tion andl is the thermal de Broglie wavelength.

The attractive part of the interactionfatt(r ) is approxi-
mated by

w̃~r !5
4w0s f

3

p2
~r 21s f

2!23, ~2.5!

with

w05E
R3

d3r w̃~r !5E
R3

d3r fatt~r !52
32

9
A2pe fs f

3 .

~2.6!

Although Eq. ~2.5! does not strictly implement the WCA
procedure corresponding to Eq.~2.2!, it resembles it closely,
and offers the valuable advantage of reduced computati
efforts because the form ofw̃(r ) allows one to carry out
certain integrations overw̃(r ) analytically. For large particle
separationsr, one hasw̃(r→`);r 26; the amplitude is cho-
sen such that the integrated strength equals that of the at
tive contributionfatt obtained by the strict application of th
WCA procedure. The third integral in Eq.~2.1! takes into
account the attractive fluid interparticle interaction with
mean field theory based on Eq.~2.5!.

B. Bulk phases

In a bulk system the particle densityrg ~whereg5 l and
g5g denote the liquid and vapor phase, respectively! is spa-
tially constant, leading to@see Eq.~2.1!#

Vb~rg ,T,m!5 f HS~rg ,T!1
1

2
w0rg

22mrg ~2.7!

for the grand canonical free energy density of a bulk flu
Minimization of Vb with respect torg yields the equilibrium
densities. The conditions for liquid-vapor phase coexiste
m5m0(T) are

]Vb

]r U
r5rg

5
]Vb

]r U
r5r l

50 and Vb~rg!5Vb~r l !.

~2.8!

Off coexistence, i.e., formÞm0, only the liquid or vapor
phase is stable. In this case the density of the metast
phase corresponds to the second local minimum ofVb .
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C. Wetting of laterally homogeneous substrates

Here we recall some basic results for wetting phenom
~for reviews see, e.g., Refs.@50,55–58#! as they follow from
Eq. ~2.1! for a homogeneous substrate within the so-cal
sharp-kink approximation~see Fig. 1 and Ref.@50#!. This
allows us to formulate our corresponding findings for su
strates which are heterogeneous either in the direction
mal to the surface or in lateral directions.

In the following we consider a flat substrate located in
half spacew5$rPR3uz<0%. The substrate is either homo
geneous or composed of a homogeneous partwH5$r
PR3uz,2dgz% covered by a homogeneous surface la
wS5$rPR3u2dgz<z<0% of different chemical species. I
consists of particles located on an orthorhombic lattice w
lattice constantsgi in the i direction (i 5x,y,z). For reasons
of simplicity the lattice constantgz is assumed to be consta
throughout the whole substrate. The surface layer consis
n5d11 monolayers, with the uppermost and lowest mon
layers located atz50 andz52dgz , respectively. The the
oretical description@Eq. ~2.1!# is identical for both substrate
types; it only differs with respect to the considered substr
potentialV(z). The substrate acts as an inert spectator ph
The interaction potential between a fluid particle and an
dividual substrate particle is also taken to be of Lenna
Jones type,

fH,S~r !54eH,SF S sH,S

r D 12

2S sH,S

r D 6G ~2.9!

whereH andS denote the molecules inwH andwS , respec-
tively. The substrate potential V(r )[V(z)5Vatt(z)
1Vrep(z) follows as a laterally averaged pairwise sum
fH,S over all substrate particles, resulting in

Vatt~z!52
u3

H

„z1~d11!gz…
3

2
u4

H

„z1~d11!gz…
4

2u3
SS 1

z3
2

1

~z1dgz!
3D 2u4

SS 1

z4
1

1

~z1dgz!
4D

1O~z25!

FIG. 1. Sharp-kink approximation for the particle density dist
bution. At the positionz5 l 0 of the liquid-vapor interface there is
steplike variation of the particle density between the bulk liqu
(r l) and the bulk vapor density (rg). At z5Lz the density is trun-
cated in order to facilitate the thermodynamic limit. Due to t
repulsion between the fluid and the substrate particles the par
density vanishes forz,dw , giving rise to an excluded volume.
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52
u3

H

z3
2

2~d11!u4
S2~2d11!u4

H

z4

1O~z25!, z@dgz ~2.10!

for the attractive potential. In Eq.~2.10! we have used the
relationsu4

H,S5 3
2 gzu3

H,S . Moreover, the coefficients can b
expressed in terms of the parameterseH,S and sH,S of the
molecular interactions and the lattice spacinggz . The repul-
sive contribution is

Vrep~z!5
u9

H

„z1~d11!gz…
9

1
u10

H

„z1~d11!gz…
10

1u9
SS 1

z9
2

1

~z1dgz!
9D 1u10

S S 1

z10
1

1

~z1dgz!
10D

1O~z211!

5
u9

H

z9
1O~z210!, z@dgz . ~2.11!

In the case of a homogeneous substrate,ui
S5ui

H5ui , V(z)
reduces to

V~z!52(
j >3

uj

zj
. ~2.12!

The limit d→` corresponds to a homogeneous substr
composed of the chemical species of the surface layer.

For the above model the full minimization of the fun
tional in Eq. ~2.1! with respect to the spatially inhomoge
neous, smooth densityr(z) can be carried out only numeri
cally. However, it has turned out that the minimizatio
restricted to the subspace of piecewise constant density
files provides a surprisingly accurateanalytic account of the
corresponding effective interface potential@59,60#. Within
this so-called sharp-kink approximation~Fig. 1!,

r̂~z!5Q~z2dw!@Q~ l 2z!r l1Q~z2 l !rg#, ~2.13!

r l and rg are the number densities of the bulk liquid an
vapor phase, respectively~see Sec. II B!. For m,m0, rg is
taken to be the actual vapor density off coexistence, andr l is
the density of the metastable liquid phase.Q denotes the
Heaviside step function, andl is the thickness of the ad
sorbed liquidlike wetting layer, i.e.,z5 l is the position of
the emerging liquid-vapor interface. In terms of the actu
smooth density distributionr(z) the position of the interface
can be defined by, e.g.,r(z5 l )5 1

2 (r l1rg). The lengthdw
takes into account the excluded volume for the centers of
fluid particles due to the repulsive part of the substrate
tential. We assume thatdw5 1

2 (sw1s f). The insertion of
Eq. ~2.13! into Eq. ~2.1! yields

V„@ r̂~z!#;T,m;@ŵ#,@V#…

5LVb~rb ;T,m!1AVs„@ r̂~z!#;T,m;@w̃#,@V#…,

~2.14!
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6922 PRE 60C. BAUER AND S. DIETRICH
i.e., a decomposition of the grand canonical functional i
bulk and surface contributions.L is the volume occupied by
fluid particles. In the thermodynamic limit this is the ha
space$r5(r i ,z)PR3uz.0%. A is the area of the substrat
surface.Vb is given by Eq.~2.7! whereasVs yields the
so-called effective interface potentialVs( l )

Vs„@ r̂~z!#…5Vs~ l !5DVbl 1swl1s lg1v~ l !.
~2.15!

The first term in Eq.~2.15! measures the cost in free ener
for forming a liquidlike wetting layer of thicknessl if in the
bulk the vapor is the stable phase. One hasDVb5DrDm
1O„(Dm)2

… whereDm5m02m. With

t~z!5E
z

`

dz8E
R2

d2r i w̃~Ar i
21z82! ~2.16!

as the potential of a fluid particle interacting with a ha
space filled with the same fluid particles, within the abo
sharp-kink approximation, for the substrate-liquid surfa
tension, one has

swl52
1

2
r l

2E
0

`

dz t~z!1r lE
dw

`

dz V~z!2dwVb
( l )

~2.17!

and

s lg52
1

2
~Dr!2E

0

`

dz t~z! ~2.18!

for the liquid-vapor surface tension. Thel-dependent par
v( l ) of the effective interface potential is given by

v~ l !5DrH r lE
l 2dw

`

dz t~z!2E
l

`

dz V~z!J . ~2.19!

Minimization of the interfacial free energyVs( l ) with re-
spect tol yields the equilibrium film thicknessl 0 and the
substrate-vapor surface tensionswg5min$l%Vs(l)5Vs(l0).
From Young’s equation, for the contact angle one obta
cos(u)5(swg2swl)/slg511v(l0)/slg , which is thermody-
namically well defined only at two-phase coexistenceDm
50.

From Eqs.~2.5! and ~2.16!, one hast(z)52( j >3t jz
2 j ,

and therefore

v~ l !5(
j >2

aj

l j
. ~2.20!

@Here we do not consider terms; l 25 ln l generated by van
der Waals tails in the density profiles@60~c!# which are not
captured by the ansatz in Eq.~2.13!.# The coefficients of the
leading terms area25(Dr/2)(u3

H2t3r l), which is known as
the Hamaker constant, anda35(Dr/3)„2(d11)u4

S2(2d
11)u4

H2(t413t3dw)r l…; for a homogeneous substrate wi
uj

S5uj
H5uj one hasa35(Dr/3)„u42(t413t3dw)r l…. We

note that the Hamaker constant for a homogeneous subs
o

e
e

s

ate

covered by a homogeneous surface layer does not depen
the properties of the surface layer but all subdominant te
do.

The substrate is said to becompletely wetby the liquid
phase if, at coexistenceDm50, l 0 is infinite. Sincev( l 0
5`)50 one hasswg5swl1s lg and u50 for completely
wet substrates andswg,swl1s lg andu.0 for partially wet
substrates. If atT5Tw the thicknessl 0(T,m5m0) jumps
from a finite value forT,Tw to l 05` for T.Tw , the sys-
tem undergoes afirst order wetting transition. If the film
thickness grows continuously upon approaching the wet
temperature, i.e.,l (T→Tw ,m5m0)→`, the system exhibits
a critical wetting transition. The necessary condition fo
critical wetting is thata2(T) changes sign atTw from a2(T
,Tw),0 to a2(T.Tw).0 and a3(T5Tw).0, i.e., u4
2(t413t3dw)r l(Tw).0. The critical wetting transition
temperature is given implicitly byu3

H5t3r l(Tw), or, equiva-
lently, u35t3r l(Tw) for a homogeneous substrate. Even w
an additional surface layer, which modifies the substrate
tential in the vicinity of the substrate surface, the transiti
temperature of a critical wetting transition is determined o
by the properties of the underlying homogeneous subst
wH . This implies that two substrates which differ only wit
respect to their overlayers have the same wetting transi
temperature if the wetting transition is continuous. From
above formulas one can infer that the occurrence of a crit
wetting transition on a planar and homogeneous subst
hinges on the subdominant contribution;z24 in the
asymptotic expansion ofV(z) for large z because for the
attractive fluid-fluid interaction as given by Eq.~2.5! t450
andt352(2/3p)w0s f

3.0. It is possible to fulfill the neces
sary conditiona3(Tw).0 for critical wetting by choosing an
appropriate surface layer. In the case of critical wetting
film thickness diverges asl 0(T↗Tw)523a3/2a2;(Tw
2T)21. Irrespective of the order of the wetting transitio
upon approaching coexistence along a complete wetting
therm one has l 0(T.Tw ,Dm↘0)5(2a2 /DVb)1/3

;(Dm)21/3. For T.Tw the Hamaker constanta2 is always
positive. The leading divergence ofl 0 for a complete wetting
transition is independent of any different surface layer c
ering the substrate.

III. MODELS FOR WETTING
OF STRUCTURED SUBSTRATES

A. Simple chemical step

As a basic element for more complicated structures,
first analyze the wetting properties of a substrate which
hibits a single, simple chemical step~SCS!, i.e., a flat sub-
strate composed of two adjacent quarter spaces filled w
different chemical species~see Fig. 2, withn5`). The sub-
strate particles occupy the half spacew5$rPR3uz<0% and
the heterogeneity defines the positionx50. The system is
translationally invariant along they direction. The substrate
and the fluid particles interact via Lennard-Jones potenti

f6~r !54e6F S s6

r D 12

2S s6

r D 6G , ~3.1!

where the ‘‘1 ’’ and ‘‘ 2 ’’ signs refer to substrate particle
located in the quarter spacesw15$rPR3ux.0`z<0% and
w25$rPR3ux,0`z<0%, respectively. The substrate po
tential V(x,z)5Vatt(x,z)1Vrep(x,z), as obtained by a pair
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wise summation over all substrate particles, is given by E
~A2! and ~A3! in Appendix A. In the limit uxu→`, V(x,z)
asymptotically approaches the substrate potential of the
spective homogeneous substrate:

V~x→6`,z!52
u3

6

z3
2

u4
6

z4
1

u9
6

z9
1

u3
12u3

2

2x3
1O~x24!

5V6~z!1
u3

12u3
2

2x3
1O~x24!, ~3.2!

where the coefficients of the subdominant terms omitted h
depend onz. Thus the adsorbed liquidlike wetting film ex
hibits the asymptotic thicknessesl 1 for x→` and l 2 for x
→2` which are determined by the properties of the hom
geneous substrates ‘‘1 ’’ and ‘‘ 2,’’ respectively. In general
one has to take into consideration two different wetting te
peraturesTw

1 andTw
2 , one for each of the two semi-infinite

homogeneous substrates.
With the substrate potentialV(x,z) given, in principle the

functional in Eq.~2.1! can be minimized with respect to th
full density distributionr(x,z). However, this can only be
done numerically, and requires a huge computational eff
Therefore, we focus on low temperatures, which allows u
restrict the minimization to steplike profiles

r̂~x,z!5@Q~2x!Q~z2dw
2!1Q~x!Q~z2dw

1!#

3@r lQ„l ~x!2z…1rgQ„z2 l ~x!…#. ~3.3!

FIG. 2. Morphologyl (x) of a liquidlike film which covers a flat,
heterogeneous substrate@layer chemical step~LCS!#. The substrate
surface is located atz50. In general the substrate consists of
homogeneous part~denoted asH) which is covered by two adja
cent, semi-infinite surface layers composed of different chem
species (1 and 2) which form a sharp chemical boundary atx
50. The surface layer consists ofn5d11 molecular monolayers
with a lattice spacinggz in the z direction. The limitn→` corre-
sponds to a substrate which exhibits a single simple chemical
~SCS!. l 75 l (x→7`) are the equilibrium film thicknesses of th
corresponding substrates composed ofH plus a laterally homoge-
neous surface layer (1 or 2). We assume thatH covered by a1
layer is the stronger substrate favoring the adsorption of thic
liquidlike films, i.e., l 1. l 2 . The two substrate halves are chara
terized by different excluded volumesdw

6 ~dash-dotted lines!. The
system is translationally invariant in they direction and truncated a
z5Lz and x57Lx/2 in order to facilitate the proper thermody
namic limit. The long-dashed line corresponds to the sharp-k
approximation for thelateral profile.
s.

e-

re

-

-

t.
o

The quantitiesdw
65 1

2 (s61s f) take into account the differ-
ent excluded volumes in the vicinity of the substrate surfa
Because of the rapid decay of the repulsive forces,dw is
taken to vary steplike atx50 betweendw

1 and dw
2 . The

approximation used in Eq.~3.3! does not capture the fluid
density oscillations very close to the substrate surface. H
ever, these fine structures of the particle density are expe
to have only small effects if the liquidlike wetting films ar
rather thick, as is the case in the vicinity of a critical or
complete wetting transition. The sharp-kink approximati
yields an exact prediction for the transition temperatureTw
of a critical wetting transition which remains unchanged
more sophisticated models are applied@59#. Although within
the sharp-kink approximation the predicted thickness of
sorbed liquidlike wetting layers is not quantitatively acc
rate, this approach is expected to capture the essential
tures of the wetting phenomena as considered on the pre
mesoscopic scale.

The grand canonical free energy functional—which v
Eq. ~3.3! is a functional of the functionl (x) that describes
the local position of the liquid-vapor interface—can be sy
tematically decomposed into bulk, surface, and line con
butions:

V„@ r̂~x,z!#;T,m;@w̃#,@V#…5LVb~rg ,T,m!

1AVs„l 6 ;T,m;@w̃#,@V#…

1LyV l„@ l ~x!#;T,m;@w̃#,@V#….

~3.4!

The explicit expressions for these contributions are given
Appendix B. In Eq.~3.4!, L5LxLyLz is the volume filled
with fluid particles,A5LxLy is the surface area of the sub
strate surface, andLy is the linear extension of the chemic
step.Vb , given by Eq.~2.7!, is the bulk free energy densit
corresponding to the stable bulk vapor phase. The sur
contribution

Vs~ l 6!5
1

2
@Vs

1~ l 1!1Vs
2~ l 2!# ~3.5!

is the arithmetic mean of the surface free energy dens
corresponding to the substratesw1 andw2 covered by liq-
uidlike films of thicknessl 1 andl 2 which are exposed to the
potentialsV1(z) and V2(z), respectively@see Eq.~2.15!#.
l 6 minimizes the corresponding equation~2.15!, with rg and
r l as the bulk vapor phase and the metastable bulk liq
phase, respectively.

The line contributionV l is due to the substrate heterog
neity, and reads

V l@ l ~x!#5t~dw
6 ,l 6!1ṽ@ l ~x!#. ~3.6!

The expressiont(dw
6 ,l 6) does not depend on the profil

l (x). Minimization of the nonlocal functional ṽ@ l (x)#
@which is given in Eq.~B4!# yields the equilibrium liquid-
vapor interface profilel̄ (x) and the line tension

t~T,m!5 min
$ l (x)%

V l@ l ~x!#5V l@ l̄ ~x!#. ~3.7!
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A gradient expansion ofṽ@ l (x)# in leading order leads to th
local functional ṽ loc@ l (x)# @see Eq.~B9!# that provides a
prescription of how to express the functional expressi
given by a simple, phenomenological interface displacem
model in terms of the microscopic parameters of the und
lying molecular interactions.

The Euler-Lagrange equation~ELE! following from the
functional derivative of the nonlocal functionalṽ@ l (x)# is

dV l@ l ~x!#

d l ~x!
U

l 5 l̄

5
dṽ@ l ~x!#

d l ~x!
U

l 5 l̄

5DVb2Dr@r l t„ l̄ ~x!2dw
1
…2V„x, l̄ ~x!…#

1I „x, l̄ ~x!…1Drr l$ t̄ „x, l̄ ~x!2dw
1
…

2 t̄ „x, l̄ ~x!2dw
2
…%50, ~3.8!

with t̄ (x,z) given by Eq.~B7! and

I „x,l ~x!…[~Dr!2E
2`

`

dx8E
0

l (x8)2 l (x)
dz8 w̄~x2x8,z8!,

~3.9!

wherew̄(x,z) is given by Eq.~B8!. The ELE is a nonlocal
integral equation for the functionl̄ (x). Within the local
theory the double integral in Eq.~3.9! is replaced by a dif-
ferential expression leading to

I loc„l ~x!…[
s lgl 9~x!

@11„l 8~x!…2#3/2

5DVb2Dr@r l t„ l̄ ~x!2dw
1
…2V„x, l̄ ~x!…#

1Drr l$ t̄ „x, l̄ ~x!2dw
1
…2 t̄ „x, l̄ ~x!2dw

2
…%.

~3.10!

Equation~3.10! is often referred to as ‘‘augmented Youn
equation’’ @61#.

B. Chemical step within a surface layer

The analysis in Sec. III A requires that the substrate
composed of two adjacent halves which themselves are
mogeneous along both thex andy directions. However, it is
not necessary that the substrate halves are chemically ho
geneous in thez direction.

This allows us to consider within the same formalism
homogeneous substratewH covered by a surface layer whic
itself is composed of two adjacent homogeneous lay
wS,65$rPR3ux:0`2dgz,z,0% of different chemical
species. In the following we refer to this type of substrate
a layer chemical step~LCS!. The two halves of the laye
meet atx50 ~see Fig. 2!. Both surface layers consist ofn
5d11 monolayers, with the uppermost and the low
monolayer located atz50 andz52dgz , respectively. This
model mimics rather closely the kind of substrate inhomo
neities generated by, e.g., microcontact printing~see Sec. I!.
The expression for the substrate potentialV(x,z) of this sys-
tem is rather complicated@see Eqs.~A4! and~A5!#. As men-
s
nt
r-

e
o-

o-

rs

s

t

-

tioned in Sec. II C, the leading contribution to the attracti
substrate potential is only determined by the underlying
mogeneous substratewH . Thus when both substrate halve
undergo a critical wetting transition there is only a sing
common wetting temperatureTw for the whole substrate be
cause the Hamaker constant is only determined bywH .

Far from the heterogeneity, for fixedz, the potential
V(x,z) asymptotically approaches the substrate potent
V6(z) of the two semi-infinite, laterally homogeneous su
strate halves covered by a surface layer via

V~x→6`,z!5V6~z!1sgn~x!
3~d11!~u4

12u4
2!

8

1

x4

1O~x25!. ~3.11!

Again the coefficients of the subdominant terms omitted h
depend onz. From Eq.~3.11! it follows that the wetting layer
thicknessl (x) asymptotically approaches the constant valu
l 6 corresponding to the respective decorated substrate.

C. Chemical stripe

As a third system we consider a substrate exhibiting
chemical stripe~CST!. The stripe is realized by insertion of
slabwst5$rPR3uuxu,a/2`z<0% of different chemical spe-
cies 1 into an otherwise homogeneous substratew5$r
PR3uz<0% composed of particles denoted as2, such that in
the top view a chemical stripe is formed~see Fig. 3!. The
system is again translationally invariant in they direction.

FIG. 3. Morphology of a liquidlike film which covers a fla
substrate exhibiting a ‘‘chemical stripe’’~CST!. A slab consisting
of chemical species denoted by1 is immersed in a homogeneou
2 substrate. Thus in top view a chemical stripe with two sha
chemical steps is formed. The slab extends fromx52a/2 to x
5a/2, i.e., the stripe width isa. l 25 l (uxu→`) is the equilibrium
thickness of the liquidlike wetting film corresponding to the hom
geneous substrate composed of ‘‘2 ’’ particles. In contrast to the
SCS and LCS~compare Fig. 2!, here both casesl 1. l 2 and l 1

, l 2—wherel 1 corresponds to the film thickness on the homog
neous1 substrate—have to be considered. The slab and the
bedding substrate exhibit different excluded volumesdw

6 . The sys-
tem is translationally invariant in they direction and truncated a
z5Lz and x57Lx/2 in order to facilitate the proper thermody
namic limit.
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The substrate potentialV(2x,z)5V(x,z) is given by Eqs.
~A6! and ~A7!. For z fixed in the limit of largeuxu, one has

V~ uxu→`,z!52
u3

2

z3
2

u4
2

z4
1

u9
2

z9
2

a

gx

u4,x
1 2u4,x

2

x4
1O~x25!

~3.12!

~where again only the coefficients of the subdominant te
depend onz), implying that the equilibrium liquid-vapor in-
terface is also symmetric with respect tox50, i.e., l (2x)
5 l (x), and that it asymptotically approaches the const
value l 2 for uxu→` determined by the properties of the h
mogeneous, flat substratew. For a wide stripe width one ha

V~x,z!52
u3

1

z3
2

u4
1

z4
1

u9
1

z9
1O~a23!,

a@gx and uxu!a/2, ~3.13!

so that for smalluxu the profile l (x) is close to the film
thicknessl 1 of a liquidlike film on the homogeneous an
planar1 substrate.

The sharp-kink density profile used for the analysis of
CST is

r̂~x,z!5H QS uxu2
a

2DQ~z2dw
2!1QS a

2
2uxu DQ~z2dw

1!J
3@Q„l ~x!2z…r l1Q„z2 l ~x!…rg#. ~3.14!

Insertingr̂(x,z) into Eq. ~2.1! yields

V„@ r̂~x,z!#;T,m;@w̃#,@V#…5LVb~rg ,T,m!

1AVs~ l 2 ;T,m;@w̃#,@V# !

1LyV l„@ l ~x!#;T,m;@w̃#,@V#….

~3.15!

The surface contributionVs ~see Appendix B! is determined
by the properties of the homogeneous, flat substratew. Thus,
in contrast to the SCS, here one only has to deal with
wetting transition onw at T5Tw

2 . The wetting transition on
the stripe partwst is suppressed due to the finite lateral e
tension of the stripe.

The effect of the stripe on the liquid-vapor interface
captured by the line contribution to the free energy fun
tional. This contribution reads

V l@ l ~x!#5t~dw
6 ,l 2!1ṽ@ l ~x!#. ~3.16!

Whereas t(dw
6 ,l 2) @see Eq. ~B14!# is independent of

l (x), ṽ@ l (x)# @see Eq.~B15!# is a functional ofl (x). Func-
tional differentiation ofV l@ l (x)#, i.e., of ṽ@ l (x)#, yields the
ELE
s

t

e

e

-

-

DVb2Dr@r l t„ l̄ ~x!2dw
1
…2V„x, l̄ ~x!…#

2Drr lE
2a/2

a/2

dx8E
l̄ (x)2dw

1

l̄ (x)2dw
2

dz w̄~x2x8,z!

1~Dr!2E
2`

`

dx8E
0

l̄ (x8)2 l̄ (x)
dz8 w̄~x2x8,z8!50.

~3.17!

The corresponding ELE within the local approximatio
ṽ loc@ l (x)# of ṽ@ l (x)# is

DVb2Dr@r l t„ l̄ ~x!2dw
1
…2V„x, l̄ ~x!…#

2Drr lE
2a/2

a/2

dx8E
l̄ (x)2dw

1

l̄ (x)2dw
2

dzw̄~x2x8,z!

2
s lg l̄ 9~x!

@11„ l̄ 8~x!…2#3/2
50. ~3.18!

In the following we always discuss the actual equilibriu
liquid-vapor interface profiles; therefore, we omit the ove
bar.

IV. PROPERTIES OF THE INTERFACIAL PROFILES

A. Curvature behavior

Within the local theory the ELE’s for the SCS, LCS, an
CST determine the local curvatureK(x) of the planar curve
„x,l (x)…:

s lgK~x!5
s lgl 9~x!

$11@ l 8~x!#2%3/2
5U„x,l ~x!…, ~4.1!

with

U~x,z!5DVb1
]v~x,z;dw

6!

]z
1C~x,z;dw

6!. ~4.2!

The ‘‘local’’ effective interface potentialv(x,z;dw
6) is given

by Eq. ~B6!. The functionC(x,z;dw
6) takes into account the

difference betweendw
1 and dw

2 , i.e., it vanishes fordw
1

5dw
2 and for dw

1Þdw
2 in the limit uxu→` @see Eqs.~3.10!

and ~3.18!#. In the limit uxu→` the linesz(x) defined im-
plicitly by U(x,z)50 asymptotically approach those valu
for which the functionDVbl 1v6( l ) @compare Eq.~B2!# is
extremal with respect tol. One of these values correspon
to the global minimum and thus is the equilibrium film thic
ness l 6 . In addition to this, there may be more extrem
values depending on whether the system is at or off coex
ence and on the type of wetting transition under consid
ation. Sincel (x) asymptotically approaches the valuesl 6 for
uxu→`, it also approaches the contour line given
U(x,z)50 corresponding to the global minimum ofDVbl
1v6( l ). Figure 4 shows an example for the lineU(x,z)
50 on a SCS and the corresponding interfacial profilel (x)
for a thermodynamic state along a complete wetting i
therm. The sign of the curvature is given by the sign
U(x,z). The point wherel (x) and the lineU(x,z)50 inter-
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sect is the turning point of the profile. Due to this curvatu
behavior the functionl (x) for a SCS or a LCS is monoto
nous. Analogously, for a CST,l (x) is monotonous in each o
the intervalsx,0 andx.0.

In general the curvature behavior as predicted by the
tual nonlocal theory is different from that obtained within t
local approximation. However, in Ref.@62# we have demon-
strated that the differences between the local and nonl
results are negligible if the local curvature is small, as is
case for complete and critical wetting transitions. Therefo
although the behavior of the integral expression in Eqs.~3.8!
and~3.17! is not analytically transparent, we expect the c
vature behavior of the profiles upon approaching a critica
complete wetting transition to be practically the same wit
the nonlocal and the local theories.

B. Asymptotic behavior of the interface profiles

The asymptotic form of the substrate potent
V(uxu→`,z) of a heterogeneous substrate gives rise t
behavior

l ~ uxu→`!5 l 61d l ~x! with d l ~x!5l x2a ~4.3!

of the interface profile with a characteristic exponenta. l is
the amplitude of the so-called van der Waals tails~VDWT!
d l (x), which can be determined analytically for all thre
substrate types SCS, LCS, and CST for those cases in w
parts of the substrate, considered per se in the correspon
homogeneous limit, undergo a critical (T↗Tw

6 ,Dm50) or a
complete (T.Tw

6 ,Dm↘0) wetting transition. These result

FIG. 4. Typical example for the shape of a liquid-vapor inte
face of a liquidlike film covering a SCS or LCS~full line! and the
corresponding contour lineU(x,z)50 ~dashed line! which sepa-
rates regions with positive interface curvature„K(x,z)
5U(x,z)/s lg.0… from regions with negative curvature„K(x,z)
,0… @see Eqs.~4.1! and~4.2!#. The intersection between both line
is the turning point of the interface profile. The interface profi
shown here is calculated forT* 5kBT/e f51.3 andDm* 5Dm/e f

51023 and is also displayed in Fig. 7. The substrate is a SCS w
the interaction parameters chosen such that the system exh
critical wetting transitions atTw

1* 51.0 andTw
2* 51.2 onw1 and

w2 , respectively~compare Fig. 7!. Therefore, along the complet
wetting isotherm (T* 51.3,Dm) the functionsDVbl 1v6( l ) corre-
sponding to the homogeneous and flat substratesw1 andw2 each
exhibit only one extremal point, and there is only a single cont
line U(x,z)50 interpolating between these two extremal points
c-

al
e
,

-
r

l
a

ich
ing

are based on the assumption that the system is sufficie
close to the wetting transition temperature or to two-ph
coexistence such thatl (x)@dw

6 , and thus

DVb1
]v~x,l !

] l U
l 5 l (x)

5I (loc)„x,l ~x!… ~4.4!

for all three substrate types.v(x,l ) is given by Eq.~B6!
omitting the argumentsdw

6 .
Since withl (x)@dw

6 , l 6@dw
6 , Eq. ~4.4! can be used for

inserting the ansatzl (x)5 l 61d l (x) into its local version.
Considering then the behavior of Eq.~4.4! for large uxu and
exploiting the fact thatl 6 , which corresponds to the limi
uxu→`, minimizes Eq.~B1!, leads to the expansion

ad l ~x!1bx2a5s lgd l 9~x!, a.0, ~4.5!

with coefficientsa and b. The term;x2a stems from the
leading term inV(uxu→`)2V6(z) @see Eqs.~3.2!, ~3.11!,
and ~3.12!# which determines the value ofa. The leading
asymptotic behavior of the solution of Eq.~4.5! is given by

d l ~x!52
b

a
x2a. ~4.6!

Within the nonlocal theory the right-hand side is replaced
the leading order in the series expansion of the integ
I „x,l 61d l (x)…:

ad l ~x!1bx2a5I „x,l 61d l ~x!…;x2b, b.0. ~4.7!

Thus the asymptotic solutiond l (x) in Eq. ~4.7! for the
VDWT is equal to that obtained within the local theory@Eq.
~4.6!# if the right-hand side in Eq.~4.7! is subdominant as
compared with the left-hand side, i.e., ifb.a. Forb5a the
amplitudel @see Eq.~4.3!# obtained from the local theory
differs from that following from the nonlocal one. It turn
out that this is the case for the LCS. If one would haveb
,a which, however, is not the case here, even the expon
of the power-law decay ofd l (x) as obtained within the non
local theory would be different from that within the loca
theory, i.e., the VDWT would also differ qualitatively.

With the definitionl (x→6`)5 l 67d l 6(x) for the SCS,
it follows that

d l 6~x!5lcrit
6 x23 with lcrit

6 56
l 6
4

2

a2
12a2

2

a2
6

~4.8!

in the case of a critical wetting transition on the semi-infini
homogeneous substratew1 or w2 . Along a complete wet-
ting isotherm the result is the same up to a numerical fac

d l 6~x!5lcomp
6 x23 with lcomp

6 56
l 6
4

6

a2
12a2

2

a2
6

.

~4.9!

Both Eqs.~4.8! and ~4.9! are valid within the local and the
nonlocal theories, in agreement with Ref.@51#. For the LCS
one finds a different power law which reflects the fact th
for this type of substrate the lateral dependence of the po
tial enters only into the subdominant terms:

d l ~x!5lx24, ~4.10!
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with

lcrit
6 55

9

32

l 6
4

ua2u ~a3
12a3

2!S 12
9

2
t3

~Dr!2

ua2u D ~nonlocal!

9

32

l 6
4

ua2u ~a3
12a3

2! ~local!

~4.11!

and

lcomp
6 55

3

32

l 6
4

a2
~a3

12a3
2!S 123t3

~Dr!2

a2
D ~nonlocal!

3

32

l 6
4

a2
~a3

12a3
2! ~local!.

~4.12!

For both complete and critical wetting transitions, the lo
and the nonlocal theories yield the same power-law beha
but different amplitudes. Analogously, for the CST one fin
l (uxu→`)5 l 21d l (x), where

d l ~x!5lcritx
24 with lcrit52

3a

2gx
l 2
4

a3
12a3

2

a2
2

~4.13!

for critical wetting, and

d l ~x!5lcompx
24 with lcomp5

a

2gx
l 2
4

a3
12a3

2

a2
2

~4.14!

for a complete wetting transition on the substratew. Thus the
VDWT resolve the difference between the local and the n
local theories, for the LCS, but not for the SCS and CST

On a laterally homogeneous and flat substrate the
thickness is given byl 653a3

6/2ua2
6u for critical wetting, and

by l 6;(a2
6/Dm)1/3 for complete wetting. For the derivatio

of the expressions for the VDWT, we have used Ruse r
tions which do not hold fora3

650 in the case of critical
wetting anda2

650 in the case of complete wetting, respe
tively. In these cases of complete wetting atTw or of tricriti-
cal wetting higher-order terms have to be taken into acco
in order to determine the amplitudes of the VDWT. Fina
we note that due to the behavior of the curvature ofl (x) —
as stated in Sec. IV A — the signs of the amplitudes of
VDWT are fixed by sgn(l 12 l 2).

C. Partial versus complete wetting of a chemical step

The SCS and LCS allow one to realize thermodynam
states for which one half of the substrate, sayw1 , is com-
pletely wet, whereas the other half is only partially wet. Su
a state is realized forTw

1,T0,Tw
2 and Dm50. The corre-

sponding interface profile does not depend on whether
state is reached along coexistence (T↗T0 ,Dm50) or along
a complete wetting isotherm (T5T0 ,Dm↘0) ~see Fig. 5!.
The liquid-vapor interface attains a finite valuel 2 for x→
2` and diverges forx→`.

The characteristic length scale for lateral variations of
interfacial profilel (x) is the lateral height-height correlatio
l
or
s

-

a-

-

nt

e

c

h

is

e

length j i . For complete wetting of the substratew6 this
length is given by~compare Ref.@63#!

j i ,comp
6 5As lgS d2v6

dl2
U

l 5 l 6

D 21/2

→
l 6→`

A s lg

6a2
6

l 6
2

;~Dm!22/3, ~4.15!

whereas, for a critical wetting transition,

j i ,crit
6 5A s lg

3a3
6

l 6
5/2;tw

25/2, ~4.16!

wheretw5(Tw2T)/Tw ~compare Ref.@64#!. In the case that
the substrate halfw1 undergoes complete wetting and th
substrate halfw2 incomplete wetting, we make the scalin
ansatz

l ~x,Dm!5 l 1~Dm! f „x/j i ,comp
1 ~Dm!… ~4.17!

for the evolution of the profilel (x,Dm.0) from a shape
which attains the constant valuel 1 in the limit x→` for
Dm.0 to the shape forDm50 with l (x→`,Dm50)5`.
With this ansatz and in the case when the slope of the pro
is small such that the left-hand side of Eq.~3.10! can be
replaced by its lowest-order expansions lgl 9(x), one obtains
the differential equation

12 f ~y!2(z23)5~z23! f 9~y! ~4.18!

for the scaling functionf (y) when the attractive fluid-fluid
and substrate-fluid interactions decay asr 2z; f (y→`)51,
independent ofz. This demonstrates that the above scali

FIG. 5. Incomplete wetting of the substrate halfx,0 and com-
plete wetting of the substrate halfx.0 can be obtained by ap
proaching a thermodynamic state (Tw

1,T0,Tw
2 ,Dm50) on differ-

ent thermodynamic paths in the (T,m) plane. This is illustrated by
the corresponding schematic behavior of the equilibrium film thi
nessl 6 . For reasons of simplicity, the coexistence curvem0(T) is
straightened out.~a! Upon approachingm0(T0) along the isotherm
with Tw

1,T0,Tw
2, l 1 diverges, whereasl 2 remains finite.~b! If

the temperature is increased along coexistencem5m0, as T ap-
proachesTw

1, l 1 diverges, and is macroscopically large forTw
1

<T<T0 . l 2 also increases but remains finite sinceT<T0,Tw
2 .

Both thermodynamic paths lead to the same final state„T0 ,m0(T0)…
of the system, and thus to the same interfacial pro
l „x;T0 ,m0(T0)…. This is also true if the wetting transition atTw

1 is
first order; in this case in~b!, l 1 would jump to infinity atT5Tw

1 .
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ansatz does indeed hold. In the limitDm↘0 which corre-
sponds toj i ,comp

1 →`, i.e.,y→0, from the asymptotic behav
ior of the solution of Eq.~4.18! it follows that

l ~x→`!5gcompx
2/(k11)

with gcomp5S ~k11!2as
1

2s lg
D 1/(k11)

. ~4.19!

The coefficients in Eq.~4.19! are defined by the asymptoti
behavior of the effective interface potentialv1( l→`)
5as

1l 2s1ak
1l 2k1O( l 2k21), where s5z24 and k5z

23. For Lennard-Jones potentials,s52 andk53, so that

l ~x→`!5S 8a2
1

s lg
D 1/4

x1/2, Dm50,Tw
1,T,Tw

2 .

~4.20!

This power law was predicted originally by de Gennes@55#;
the expression for the amplitude is in accordance with R
@51#. Figure 6 shows the scaling functionf (y) for z56.

For the caseT↗T05Tw
1 with the critical wetting transi-

tion temperatureTw
1 on the substrate halfw1 and Dm50,

the scaling ansatz

l ~x→`,T!5 l 1~T!g„x/j i ,crit
1 ~T!… ~4.21!

leads to the differential equation

g~y!2(z23)2g~y!2(z22)5g9~y! ~4.22!

FIG. 6. Scaling functionsf andg as defined by Eqs.~4.17! and
~4.21! calculated for Lennard-Jones potentials (z56). The scaling
function f governs the evolution of the interface profile if the the
modynamic state (Tw

1,T0,Tw
2 ,Dm50) at two-phase coexistenc

is approached along an isotherm (T5T0 ,Dm); for this limiting
thermodynamic state the substrate halfx.0 of a SCS or LCS is
completely wet, whereas the substrate halfx,0 is only partially
wet @see Fig. 5~a!#. Analogously, the evolution of the interfacia
profile upon approaching a critical wetting transition at (T05Tw

1

,Tw
2 ,Dm50) along a path at coexistence, as shown in Fig. 5~b!, is

described by the scaling functiong. In the limit y→0 one hasf (y
→0);y1/2 andg(y→0);y2/5. f (y) andg(y) attain the value 1 for
y→` according to f (y→`)5126(A321)(A3
11)21e231A3e2y1O(e22y) and g(y→`)5126e23e2y

1O(e22y).
f.

for the scaling functiong(y), with g(y→`)51 independent
of z. In the limit T↗Tw

1 , j i ,crit
1 (T) diverges, and from the

behavior of the solution of Eq.~4.22! for y→0, one finds

l ~x→1`!5gcritx
2/(k12)

with gcrit5S ~k12!2ak
1

2s lg
D 1/(k12)

~4.23!

for T5Tw
1 , so that, forz56,

l ~x→`!5S 25a3
1

2s lg
D 1/5

x2/5, Dm50,T5Tw
1,Tw

2 .

~4.24!

Figure 6 shows the scaling functiong(y) for z56.
All these equations hold both for the SCS witha2

1

5(Dr/2)(u3
12t3r l) and a3

15(Dr/3)„u4
12(t413t3dw)r l…

and for the LCS with a2
15(Dr/2)(u3

H2t3r l) and a3
1

5(Dr/3)„2(d11)u4
12(2d11)u4

H2(t413t3dw)r l…. The
scaling functionsf and g are independent of the thermody
namical parametersT and m and of the amplitudes of the
molecular interactions. These dependences are comple
absorbed intoj i

1 andl 1 . However,f andg do depend on the
exponentz of the power-law decay of the attractive interpa
ticle potentials. We note that the scaling functionsf andg do
not take into account the lateral long-ranged VDWT ofl (x)
~see Sec. IV B!. These VDWT give rise to additional sma
corrections to the behavior off (y→`) andg(y→`).

D. Partial versus complete wetting of a chemical stripe

A similar analytic calculation to that in Sec. IV C can b
carried out for the case of a CST with the parameters cho
such that at coexistenceDm50 and a fixed temperatur
Tw

1,T,Tw
2 the outer area is only partially wet whereas t

stripe region is completely wet in the limita5`. It turns out
that the analytical solution for the shape of the profile in t
case of largea is a semiellipse:

l ~x;a→`!5A2

aS 2a2
1

s lg
D 1/4Aa2

4
2x2, ~4.25!

i.e., the half axes arer x5a/2 andr z5(2a2
1/s lg)1/4Aa/2. The

corresponding excess coverage, in comparison with the
a50, scales asGex(a→`);a3/2. In the limit a→` at both
stripe boundariesx56a/2, one recovers the square-root b
havior given by Eq.~4.20!. In this limit the presence of the
second, distant boundary of the stripe gives rise to corr
tions to this square-root behavior of the interfacial profile

l ~x;a→`!5S 8a2
1

s lg
D 1/4

AxF12
x

2a
2

x2

8a2
1O„~x/a!3

…G .

~4.26!

The expression in Eq.~4.26! corresponds to a shifted coo
dinate system in which the two boundaries of the stripe
located atx50 andx5a→`.
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E. Retardation

Due to retardation for large separationsr dispersion inter-
action potentials decay asr 27 rather thanr 26 @48#. These
retardation effects become important for thick wetting laye
Therefore they have to be taken into account in the disc
sion of the VDWT and of the film morphology for the cros
over between partially and completely wetted substrate pa
For homogeneous and planar substrates in the retarde
gime the substrate potential decays asV(z@s f)52v4z24

2v5z251O(z26). If the interaction potential of the fluid
particles is also retarded one hast(z@s f)52s4z24

2s5z251O(z26), so that the effective interface potenti
turns into

v~ l @s f !5
b3

l 3
1

b4

l 4
1O~ l 25! ~4.27!

with b35(Dr/3)(v42s4r l) and b45(Dr/4)„v52(s5
14s4dw)r l…. Thus for critical wetting l (T↗Tw)5
24b4/3b3 with b3 changing sign atT5Tw and l (Dm↘0)
5(3b3 /DVb)1/4;(Dm)21/4 along a complete wetting iso
therm.

The substrate potential of a SCS,V(x,z)5Vatt(x,z)
1Vrep(x,z), with Vatt(x,z) in accordance with Eq.~A8!, ap-
proaches

Vatt~x→6`,z!52
v4

6

z4
1

v4
12v4

2

2x4
1O~x25! ~4.28!

for large uxu. Equation ~4.28! implies d l 6(x)5 l (x→6`)
2 l 6;x24 for the VDWT if the substratew6 undergoes a
critical or complete wetting transition. Analogously, for th
LCS and CST one findsd l 6(x)5 l (x→6`)2 l 6;x25.

For z57, Eqs.~4.19! and ~4.23! imply

l ~x→`!5S 25b3
1

2s lg
D 1/5

x2/5 ~4.29!

in the case of complete wetting ofw1 and partial wetting of
w2 ~i.e., Tw

1,T0,Tw
2 andDm50) and

l ~x→`!5S 18b4
1

s lg
D 1/6

x1/3 ~4.30!

at critical wetting~i.e., Tw
15T0,Tw

2 andDm50).

V. NUMERICAL ANALYSIS
OF THE INTERFACE MORPHOLOGY

Although several properties of the liquid-vapor interfac
can be determined analytically, even within the sharp-k
approximation the behavior ofl (x) over the whole range ofx
values and for arbitrary values ofT and m can only be ob-
tained numerically. Within the local theory for the SCS a
LCS we solve the ELE given by Eq.~3.10!; for the CST we
solve the ELE given by Eq.~3.18!. The corresponding analy
sis within the nonlocal theory requires that we numerica
minimize the functional expressionṽ@ l (x)# @see Eq.~B4!#
instead of solving the corresponding ELE. The reason
this is that, as pointed out in Ref.@62#, the numerical proce-
.
s-

ts.
re-

s
k

r

dure for solving this nonlocal ELE leads to severe difficu
ties. In Ref. @62# the numerical techniques for calculatin
liquid-vapor interface profiles, and a comparison of the
sults as obtained within the nonlocal and the local theory,
described in detail. It turns out that in general these diff
ences are very small. Therefore, in the following we focus
the numerical analysis of the local theory, keeping in mi
that these results are practically indistinguishable from th
following from the nonlocal theory although, in principle
the latter is the more reliable one.

A. Chemical step

Figure 7 displays profiles of liquid-vapor interfaces for
substrate with a chemical step undergoing complete wet
of both w1 andw2 . The parameters of the interactions a
chosen such that both substrates exhibit critical wetting tr
sitions w1 at Tw* 5kBTw /e f51.0 andw2 at Tw* 51.2. The
profiles of the liquid-vapor interfaces are calculated forT*
51.3.Tw

6* and different values ofDm. In the limit Dm
→0 both asymptotic film thicknessesl 6 diverge according
to l 6;(Dm)21/3. The interface profile is extremely broad
we note that the scales of the two axes differ by about th
orders of magnitude.

The crossover ofl (x) from l 2 to l 1 is governed by two
characteristic length scales, one for each substrate halfw1

and w2 . Whereas along the isotherm the positionux0u&s f
of the turning point remains practically unchanged, the t
points x1 and x2 , where the profilel (x) deviates from its

FIG. 7. Shape of the liquid-vapor interface profile on a SCS~see
Fig. 2, with n5`) along an isotherm (T* 51.3,Dm* ), i.e., for
complete wetting of both substratesw1 and w2 . The parameters
are chosen such that both substrates individually exhibit crit
wetting transitions,w1 at Tw* 51.0 andw2 at Tw* 51.2: dw

65s f ,
u3

152.079e fs f
3 , u4

1512.475e fs f
4 , u4,x

1 5u4
1gx /gz5u4

1 , and u9
1

50.277e fs f
9 , whereasui

250.809ui
1 . Therefore for the tempera

ture chosen here at two-phase coexistence both substrate halv
completely wet. The profiles shown here remain practically u
changed if the local ELE in Eq.~3.10! is approximated further by
the square-gradient expression in Eq.~5.1! or if the substrate poten
tial V(x,z) is replaced by the steplike substrate potentialV`(x,z)
5V1(z)Q(x)1V2(z)Q(2x).



ra
ia

ed

g

f

an

w

l
c
c
n
on
l

ani-
en-
ual
f

th

-
l

e

i-

are

i-

nst
ying

the
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asymptotes by 10% ofu l 12 l 2u, diverge according to a
power law. The characteristic length scale of the late
variation of the profile is governed by the lateral interfac
height-height correlation lengthj i given by Eq.~4.15!. Fig-
ure 8 demonstrates thatx6 and j i ,comp

6 are proportional to
each other.

Figure 9 shows liquid-vapor interface profiles calculat
for a SCS which exhibits a critical wetting transition atTw*
51.0 for both substratesw2 andw1 . The interface profiles
have been obtained for differentT along the thermodynamic
path (T→Tw ,Dm50). As before, the position of the turnin
points remains fixed atux0u&s f , and the values ofx1 and
x2 diverge forT→Tw , i.e., l 6→`. Here the divergence o
x6 is determined byj i ,crit

6 given by Eq.~4.16!. From Fig. 10
it can be seen that also in the case of a critical wetting tr
sition x6 andj i ,crit

6 are proportional to each other.
The behavior ofl (uxu→`) is ultimately determined by

the VDWT given in Eqs.~4.8! and ~4.9!. However, it turns
out that these power-law tails inl (x) become relevant only
for such large values ofuxu where in factd l (x) is smaller
than the numerical error. Therefore the analytically kno
VDWT are numerically not accessible.

As demonstrated in Ref.@62# the more general nonloca
theory can be approximated by the corresponding lo
theory without losing significant quantitative accuracy. Sin
the slopedl/dx is small, one can go even a step further a
within the local theory replace the expressi
A11(dl/dx)221 by (dl/dx)2/2, to be used in the loca
functional ṽ loc@ l (x)# @see Eqs.~B4! and ~B9!#. This gives
rise to the ELE of a square-gradient theory:

s lgl 9~x!5DVb2Dr@r l t„l ~x!2dw
1
…2V„x,l ~x!…#

1Drr l$ t̄ „x,l ~x!2dw
1
…2 t̄ „x,l ~x!2dw

2
…%,

~5.1!

FIG. 8. WidthsD6 of the interface profiles (L,n) shown in
Fig. 7 compared with the lateral height-height correlation leng
j i

6 determined byl 6 @full and dashed line, Eq.~4.15!#. D6 is de-
fined as that valueuxu at which l (x) starts to deviate from its re
spective asymptotel 6 by 10% ofu l 12 l 2u, and measures the latera
extension of the transition region of the interface profile. ForDm
→0 both D6 and j i

6 diverge according to (Dm)22/3, as expected
for complete wetting transitions.
l
l

-

n

al
e
d

which is the analog of a one-dimensional classical mech
cal equation of motion in a time-dependent external pot
tial. Moreover, as an additional approximation the act
substrate potentialV(x,z) with a smooth lateral variation o

s FIG. 9. Shape of the liquid-vapor interface profile of a liquidlik
film across a SCS on a thermodynamic path at coexistenceDm
50 with the temperatureT* increasing towards the wetting trans
tion temperatureTw* 51.0 characteristic forboth substratesw6 .
The parameters are chosen such that the wetting transitions
continuous:ui

6 andui ,x
6 are equal toui

1 as in Fig. 7, but withu4
1

5u4,x
1 514.035e fs f

4 anddw
6 are also as in Fig. 7. Thereforel 1(T)

Þ l 2(T), althoughTw
15Tw

2 . Upon approaching the wetting trans
tion temperature, bothl 1 and l 2 diverge astw

21 with tw5(Tw

2T)/Tw . As in Fig. 7 the results are practically insensitive agai
using the square-gradient approximation or using a steplike var
substrate potential. We note that here the scale of thex axis is about
three times larger than in Fig. 7.

FIG. 10. WidthsD6 of the interface profiles (L,n) corre-
sponding to the profiles shown in Fig. 9 as compared with
lateral height-height correlation lengthsj i

6 determined byl 6 @full
and dashed lines, Eq.~4.16!#. D6 is defined as that valueuxu at
which l (x) starts to deviate from its respective asymptotel 6 by
10% of u l 12 l 2u. Both D6 and j i

6 diverge astw
25/2 for tw→0, as

expected for critical wetting transitions.
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Vatt @Eqs. ~A2! and ~A3!# can be replaced by the steplik
potentialV`(x,z)5Q(2x)V2(z)1Q(x)V1(z). As it turns
out, both approximations have only negligible effects on
numerical results for the interface profiles~see Figs. 7 and 9!
because for thick wetting films the width of the profilel (x)
is much larger than the scale of the lateral variation
V(x,z).

Figure 11 shows liquid-vapor interface profiles for a SC
whose parameters are chosen such that first-order we
transitions occur atTw* '1.102 andTw* '1.314 onw1 and
w2 , respectively. Here the liquidlike layers are very th
Therefore, the width of the profile is also rather small
compared to a system undergoing a critical or complete w
ting transition. In this case the replacement of the smo
substrate potentialV(x,z) by the steplike potentialV`(x,z)
yields a detectable difference but without changing the qu
tative behavior. Although the applicability of the prese
sharp-kink approximation for such thin films certainly d
serves a caveat, we conclude that only in the case of a
strate potential, which gives rise to first-order wetting tran
tions, is the transition region of the interface profile
structured substrates confined to a region of the order os f
around the heterogeneity.

B. Chemical step within a surface layer

Section V A demonstrated that the properties of liquidlik
wetting layers on a SCS heterogeneity are determined
large extent by the asymptotic substrate potentialsV6(z) of
the semi-infinite substrate halvesx"0. This is also the case
for the LCS. The wetting properties of the substrate hal
x"0 give rise to the asymptotic thickness of the wetti

FIG. 11. Liquid-vapor interface profiles across a SCS with
parameters chosen such that both substrates individually ex
first-order wetting transitions, the substratew2 at Tw* '1.314~with
dw

25s f , u3
252.513e fs f

3 , u4
25u4,x

2 53.770e fs f
4 , and u9

2

50.335e fs f
9) and the substratew1 at Tw* '1.102 ~with dw

1

51.05s f , u3
153.710e fs f

3 , u4
15u4,x

1 55.566e fs f
4 , and u9

1

50.876e fs f
9). The system is at two-phase coexistenceDm50. The

full and dashed lines correspond to the full smooth substrate po
tial V(x,z) and its steplike approximationV`(x,z), respectively. In
both cases the local ELE@Eq. ~3.10!# and its square-gradient ap
proximation@Eq. ~5.1!# yield practically the same results.
e

f

ng
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s
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th
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s

layer l (x→6`)5 l 6 , as discussed in Sec. II C, andl (x)
smoothly and monotonously interpolates between them. F
ure 12 displays a typical example of the influence of t
thickness of the surface layern on the profilesl (x). This
system exhibits a critical wetting transition atTw

1* 5Tw
2*

5Tw* 51.2; we chooseT* 51.1 and Dm* 51.531026.
Without an overlayer~i.e., the number of inhomogeneou
surface layersn50) the system corresponds to the homog
neous and planar substratewH . As n is increased there is a
crossover ofl (x) to the profile of a SCS. The typical profil
widths are — as for the SCS — given by Eqs.~4.15! and
~4.16! if one of the substrate halves exhibits a complete o
critical wetting transition, respectively. In the case of a fir
order wetting transition, i.e., for thin liquidlike layers th
deviation ofl (x) from its asymptotes is confined to a regio
of the order ofs f aroundx50.

From the analytical results for the VDWT one expec
that the profilel (x) for a LCS approaches its asymptotesl 6

faster than in the case of a SCS, i.e., viad l (uxu→`);x24

@see Eqs.~4.10!—~4.12!# rather thanx23 @Eqs. ~4.8! and
~4.9!#. However, since as observed above, the VDWT b
come relevant only for very large values ofuxu without af-
fecting the main deviation ofl (x) from l 6 aroundx50, this
more rapid decay is analytically accessible but does not p
an important role for the overall behavior ofl (x).

e
bit

n-

FIG. 12. Liquid-vapor interface profiles on a LCS for differe
numbersn of monolayers in the inhomogeneous surface layern
50 corresponds to the homogeneous substratewH , whereasn
5` leads to a SCS with the substrate halvesw1 andw2 . dw , ui

H ,
andui ,x

H are chosen equal todw
2 , ui

2 , andui ,x
2 as in Fig. 7, respec-

tively, such that both substrate halves exhibit a common crit
wetting transition atTw

1* 5Tw
2* 5Tw* 51.2. The interaction param

eters of the surface layers areui
151.1ui

H , ui
251.05ui

H , and gx

5gz . They do not affect the order of the wetting transition and
transition temperature, but they lead to a difference betweenl 1(T)
and l 2(T). The temperature is fixed atT* 51.1, i.e., both substrate
halves are only partially wet at coexistenceDm50. Moreover, we
chooseDm* 51.531026. As the number of monolayers in the su
face layern is increased, the interface profile for a SCS compos
of w1 andw2 evolves out of the flat profile for the homogeneo
substratewH . Remarkably, a few adsorbed monolayers alrea
have a pronounced effect on the wetting film.
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The divergence of the functionl (x) for x→`, when the
substrate halfx.0 is completely wet and the other substra
half x,0 is only partially wet, is given by Eqs.~4.19! and
~4.23! for T.Tw

1 andT5Tw
1 , respectively. This behavior i

shown in Figs. 13 and 14. The asymptotic behavior fox
.0 of the profiles for smallDm and smallTw2T, respec-
tively, is in excellent agreement with the numerical solutio
of Eqs.~4.18! and ~4.22!.

C. Chemical stripe

First we analyze a CST for which the homogeneous s
stratew corresponding to the embedding substrate underg

FIG. 13. Liquid-vapor interface profiles across a LCS with t
substrate halfx.0 completely wet and the substrate halfx,0 only
partially wet. The parametersdw , ui

H , ui
1 , andgx /gz are chosen as

in Fig. 12, ui
250.75ui

H , and we considern510 inhomogeneous
monolayers. With this choice of parameters the substrate hax
.0 exhibits a critical wetting transition atTw

1* 51.2 whereas the
substrate halfx,0 undergoes a weakly first-order wetting transiti
at Tw

2* '1.306, with the thicknessl 2 of the liquidlike film of the
order of 10s f in the vicinity of Tw

2* . The temperature is fixed a
T* 51.3 such that at coexistenceDm50 the substrate halfx,0
remains partially wet. At coexistence,l (x) diverges according to
l (x→`)5gcompx

1/2 @see Eqs.~4.19! and ~4.20!#. As in the case of
the SCS, the widthD1 of the interface profile forx.0 diverges
according to (Dm)22/3 for Dm→0; D2 remains finite even atDm
50, for which it is of the order ofj i

2;104s f . The inset provides
a magnified view of the region aroundx50. For Dm→0 and x
→` the profiles exhibit scaling and are governed by the same s
ing function f (y) as the SCS@Eq. ~4.17!#.
s

-
es

a critical wetting transition atTw* 51.2, whereas the homoge
neous substrate corresponding to the inserted slabwst exhib-
its a critical wetting transition atTw* 51.0. We consider ther-
modynamic states along the complete wetting isotherm (T*
51.1,Dm), so that at coexistence the substrate as a who
only partially wet. The complete wetting transition onwst is
suppressed by the finite lateral extension ofwst.

Figure 15 displays liquid-vapor interface profiles for d
ferent values ofDm. The width of the transition regions a
x56a/2 increases asDm becomes smaller. If this width is
small compared with the widtha of the stripe region, the
profile l (x) attains the equilibrium film thicknessl 1 on the

l-

FIG. 14. Liquid-vapor interface profiles across a LCS along
thermodynamic path at coexistenceDm50 approaching the critica
wetting transition temperatureTw

1* 51.2 of the substrate halfx
.0. Here we choose the same values ofdw , ui

H , andgx /gz as in
Figs. 12 and 13:ui

15ui
H and ui

250.92ui
H . The latter choice in-

duces a weakly first-order wetting transition on the substrate
x,0 atTw* '1.216 with a thickness of the liquidlike wetting film o
the order of 10s f slightly below the transition temperature. In th
limit T↗Tw

1 , l 1(T) diverges as (Tw
12T)21, whereasl 2(T) re-

mains finite. AtT5Tw
1 one has the power-law behaviorl (x→`)

5gcritx
2/5 @see Eqs.~4.23! and ~4.24!#. As in the case of the SCS

the width D1 of the interface forx.0 diverges astw
25/2, with tw

5(Tw
12T)/Tw

1→0, whereasD2 remains finite even attw50,
where it is of the order ofj i

2;104s f . The inset provides a mag
nified view of the region aroundx50. For tw→0 andx→` the
profiles exhibit scaling and are governed by the same scaling fu
tion g(y) as the SCS@Eq. ~4.21!#.
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stripe area. Therefore, ifa is large the profile for a CST is
approximately composed of two interfacial profiles cor
sponding to two SCS’s located atx52a/2 andx51a/2. As
the stripe widtha is decreased for fixed values ofT andDm
the region wherel (x) attains the valuel 1 decreases, and
ultimately vanishes asa becomes smaller than the width o
the transition region. This behavior is shown in Fig. 16.

Figure 17 presents interface profiles for a CST with
chemical species of the slab and the surrounding subs
exchanged. Therefore, the substrate exhibits a critical w
ting transition atTw* 51.0, and it is already completely wet a
coexistence as the temperature is raised towardT* 51.2. The
latter is the transition temperature of the critical wetting tra
sition on the homogeneous substrate corresponding towst. If
we chooseT* 51.1 and decreaseDm, the whole substrate
undergoes a complete wetting transition and the ‘‘dent’’
duced by the existence of the stripe-shaped heterogene
smeared out.

The above analysis demonstrates that the liquid leaks
of the chemical stripe if, on the embedding material, the fl
is close to a complete or critical wetting transition. Figure
shows that this leaking is absent if, on the embedding m
rial, the fluid can form only a thin wetting film. This situatio
prevails if the outer material leads to a first-order wetti
transition atTw

2 , and the temperature is chosen such thaT
,Tw

2 . Figure 18 corresponds to a CST for which the slab
a homogeneous substrate also undergoes a first-order we
transition atTw

1 , with Tw
1,T,Tw

2 . The confinement of the
liquid to the stripe is achieved both off and at two-pha
coexistence. In view of practical applications of chemica

FIG. 15. Liquid-vapor interface profiles on a CST~full lines!.
The slabwst is symmetric aroundx50, and forms a chemical strip
at the substrate surface with a widtha/s f54000. The parameter
for the substrate potential are chosen as in Fig. 7, i.e., the w
substrate undergoes a critical wetting transition atTw* 51.2. The
critical wetting transition atTw* 51.0 corresponding to the slabwst

is suppressed due to the finite lateral extension of the slab.
profiles correspond to the temperatureT* 51.1 so that at coexist-
enceDm50 the inhomogeneous substrate as a whole is only
tially wet. Upon approaching coexistencem→m0 the interface pro-
file broadens. The dashed lines indicate the equilibrium fi
thicknesses corresponding to the flat and homogeneous1 and 2
substrate;l 15` for Dm50. If the width D1 of the transition re-
gions nearuxu5a/2 is small compared toa ~as it is the case for
Dm* 51024), one hasl (x)' l 1 in the middle of the stripe.
-
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structured surfaces in the context of microfluidics, this
veals for which materials and for which thermodynam
states a good performance without leakage can be expe

In the strict sense of thermal equilibrium, so far only
few solid-fluid systems are known to exhibit a true first-ord
wetting phase transition at coexistence~e.g., He4 on Cs
@65,66#!; up to now critical wetting has been observed on
on fluid substrates~e.g., alkanes on aqueous solutions of s
or glucose@67,68#!. The generic case is that fluids wet su
strates completely above the triple point@50,69#. Although
our theoretical framework is based on equilibrium statisti
mechanics, the present model calculations for the morp
ogy of wetting films can also be applied directly to nonvo
tile liquids as long as their interaction with solid substra
can be modeled by an appropriate effective interface po
tial v6( l ). Alternatively, these potentials can be inferre
empirically from suitable experiments~see, e.g., Refs
@70,71#!. In this sense our conclusions are valid also for no
volatile liquids adsorbed on ‘‘hydrophilic’’ or ‘‘hydropho-
bic’’ parts of an inhomogeneous substrate, for which a w
range of wettability characteristics, beyond the strict equil
rium conditions, can be arranged.

The line tensiontCST(a) associated with a chemical strip
can be written

tCST~a!5a~sw1g2sw2g!12tSCS1dt~a!, ~5.2!

wheresw6g is the surface tension of the homogeneous1 or

2 substrate in contact with the vapor,tSCSis the line tension
associated with a single SCS, anddt(a) with, as it turns out,

le

he

r-

FIG. 16. Change of the morphology of the liquid-vapor interfa
profiles on a CST upon a variation of the stripe widtha. The pro-
files correspond toa/s f5800, 2000, 4000, and 6000 from the in
ner profile to the outer profile. The temperatureT and the interac-
tion potentials are chosen as in Fig. 15 andDm* 51024, i.e., the
interface profile fora54000s f is the same as in Fig. 15. If the
stripe width is decreased the region wherel (x) attains the equilib-
rium film thicknessl 1 ~indicated by the dashed line! shrinks and
ultimately disappears. Only fora@a0, where a0'2D1( l 1) is a
characteristic crossover width, doesl (x50) attains the valuel 1 .
One hasD1;j i

1 ~compare Fig. 8! and j i
15As lg/6a2

1l 1
2 in the

limit Dm→0, i.e., l 1→` @see Eq.~4.15!#. For the present system
j i

1'470s f anda0'750s f .
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dt(a→`);a22 is the effective interaction between the tw
line structures a distancea apart from each other.tCST(a)
generates a lateral force per unit length,

f ~a![2
]tCST~a!

]a
, ~5.3!

acting on the stripe, and leading to a compression or dila
which is balanced by the elastic forces of the substrate.f (a)
is defined such that a positive sign corresponds to a dila
of the stripe. Our numerical results show that for large str
widths and independent of the wetting characteristics of
materials under considerationf (a) is practically constant
with f (a)5sw2g2sw1g1O(a23); i.e., in Eq. ~5.2! for a

*4s f , the first contribution is the dominating one~see Fig.
19!. For solid substrates the force is expected to have p
tically no effect because the compressibility of the substr
is very small. However, for fluid substrates such as flu
covered with Langmuir-Blodgett films, the force can have
significant effect. Therefore we propose to test this effect
force between line structures by adsorbing liquidlike wett
films on a liquid substrate decorated with a Langmu
Blodgett film which contains a stripe of different materia
The adsorbed wetting films will cause a change in the st
width depending on the compressibility of the Langmu
Blodgett films. Moreover, such experimental arrangeme

FIG. 17. Morphology of liquid-vapor interface profiles on a SS
with the same parameters as in Fig. 15 but with the chemical
cies of the stripe and the surrounding region exchanged such
the slabwst favorsthinner liquidlike films than the embedding sub
strate. Since the temperatureT* 51.1 is above the wetting transitio
temperature corresponding to the outer region the substrate
whole is completely wet at coexistenceDm50. Upon approaching
coexistence the equilibrium film thicknessl 2 corresponding to the
surrounding substrate diverges, and the ‘‘dent’’ induced by
presence of the stripe deepens, though finally it is smeared ou
vanishes. Upon decreasingDm, the depth l 22 l (x50) of the
‘‘dent’’ first increases, then reaches a maximum value@ l 2

2 l (0)#max'25s f at Dm* '331026, and finally vanishes as
(Dm)2/5 for Dm↘0. Since the width of the dent is governed by t
lateral correlation lengthj i ,comp

2 (Dm) which diverges as (Dm)22/3,
the depletion of the coverageuGexu;„l 22 l (0)…j i ,comp

2 induced by
the stripedivergesas (Dm)24/15.
n

n
e
e
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te
s
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FIG. 18. Liquid-vapor interface profiles on a CST which unde
goes a first-order wetting transition for a choice of temperature s
that the substrate corresponding towst is completely wet~‘‘hydro-
philic’’ !, whereas the embedding substrate is only partially w
~‘‘less hydrophilic’’!. The parameters are chosen as in Fig. 1
Therefore the outer region undergoes a first-order wetting trans
at Tw

2* '1.314, whereas the homogeneous substrate correspon
to wst exhibits a first-order wetting transition atTw

1* '1.102. The
temperature is taken asT* 51.2, so thatTw

1,T,Tw
2 . The width of

the stripe isa5400s f , and the chemical potential is varied. Sinc
the equilibrium film thicknessl 25 l (uxu→`) is of the order ofs f ,
the liquidlike ‘‘channel’’ is confined to the ‘‘hydrophilic’’ stripe
region without leaking. The shape of the liquidlike channel f
Dm50 is in good agreement with the semielliptic shape given
Eq. ~4.25!. If the stripe widtha is increased,l (x50) and l (x50)
2 l 2 increase asa1/2, and the excess coverage supported by
stripe diverges asGex;a3/2.

FIG. 19. Excess contributionf ex(a)52]dt(a)/]a to the force
per unit length which acts on a chemical stripe. The system is
same as in Fig. 18 but withT* 51.0, and at two-phase coexistenc
Dm50. The total force isf (a)5 f 01 f ex(a), i.e., it is the sum of
f ex(a) and the constant contributionf 05sw2g2sw1g which in the
present example isf 0'0.137e f /s f

2 . In the limit a→` f ex(a) de-
cays asa23. Both f 0 and f ex are positive, leading to a dilation of th
stripe.
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would facilitate probing our predictions concerning critic
wetting transitions, as reported in Refs.@67# and @68#, on
chemically structured substrates.

VI. GENERAL MODEL FOR CHEMICALLY
HETEROGENEOUS SUBSTRATES

It is possible to generalize the methods developed wit
the previous sections to substrates with arbitrary heterog
ities. The only required input is the substrate potential, wh
in general is a functionV(r ) of all coordinatesr5(r i ,z)
5(x,y,z), and approximately follows from the summatio
of pair potentials. The substrate potentialV(r ), together with
the fluid-fluid interaction, gives rise to an interface profi
l (r i), which in general depends on both lateral coordina
r i5(x,y) ~see Fig. 20!. We assume that the substrate is fl
and located in the half spacew5$rPR3uz<0%. We take into
account the excluded volume at the substrate surface b
troducing a spatially varyingdw(r i). The insertion of the
sharp-kink density profile

r̂~r !5Q„z2dw~r i!…@Q„l ~r i!2z…r l1Q„z2 l ~r i!…rg#
~6.1!

into Eq. ~2.1!, and the decomposition ofV@r̂# into bulk and
subdominant contributions, yields

V@r̂~r !#5LVb~rg ;T,m!1Vs„@ l ~r i!#;T,m;@w̃#,@V#….
~6.2!

Concerning the expression forVs , we consider the thermo
dynamic limit and omit artificial contributions which stem
from the truncation of the system.L5LxLyLz is the volume

FIG. 20. Sketch of a fluid film on a general chemical inhom
geneity. The potentialV(r i ,z) of the arbitrarily structured substrat
@with r i5(x,y)# gives rise to a laterally varying exclusion leng
dw(r i) and a liquid-vapor interface shape described byl (r i). The
surface@r i ,z5 l (r i)# separates the liquidlike wetting layer~below!
from the bulk vapor phase~above!. The system is truncated atx
56Lx/2, y56Ly/2, and z5Lz in order to facilitate the prope
thermodynamic limit.~This truncation gives rise to artificial surfac
and line tensions generated by these boundaries.! The chemical in-
homogeneity of the substrate is not indicated.
n
e-
h

s
t

in-

filled with fluid particles, andVb is the free energy density
of the bulk vapor phase@see Eq.~2.7!#. The subdominant
contribution in Eq.~6.2! reads

Vs@ l ~r i!#5E
A
d2r i$DVbl ~r i!1swl„r i ;dw~r i!…

1S lg„r i ,@ l ~r i!#…1v„r i ,l ~r i!;dw~r i!…

1C„r i ,l ~r i!;@dw~r i!#…%, ~6.3!

where

swl„r i ;dw~r i!…52
r l

2

2 E
0

`

dz t~z!1r lE
dw(r i)

`

dz V~r !

2dw~r i!Vb
( l ) ~6.4!

can be interpreted as a local, spatially varying wall-liqu
surface tension. Equation~6.4! is a generalization of Eq
~2.17!. S lg„r i ,@ l (r i)#… is the surface free energy density co
taining the cost in free energy for deforming the liquid-vap
interface:

S lg
(nloc)

„r i ,@ l ~r i!#…5s lg2
~Dr!2

2

3E
A
d2r i8E

0

`

dzE
0

l (r i)2 l (r i8)

3dz8w̃~ ur i2r i8u,uz2z8u! ~6.5!

within the nonlocal theory, and

S lg
(loc)

„r i ,@ l ~r i!#…5s lgA11„¹ il ~r i!…
2 ~6.6!

within the local theory, with¹ i[(]x ,]y). The latter expres-
sion is the leading term of the gradient expansion ofS lg

(nloc) .
In Eqs.~6.5! and ~6.6! S lg does not depend on the absolu
value of l (r i) measured from the substrate surface, but o
on the relative differencesl (r i)2 l (r i8) so thats lg is inde-
pendent ofl (r i). Such additional dependences are brou
about by replacing the sharp-kink density profile in Eq.~6.1!
by a smooth one whose tails are cut off by the surface~see,
e.g., Refs.@72# and @73#!. As a generalization of Eq.~B6!,

v„r i ,l ~r i!;dw~r i!…5Drr lE
l (r i)2dw(r i)

`

dz t~z!

2DrE
l (r i)

`

dz V~r ! ~6.7!

is the ‘‘local’’ effective interface potential for the effectiv
interaction between the substrate surface and the liq
vapor interface. Finally,

-
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C„r i ,l ~r i!;@dw~r i!#…52
r l

2

2 E
0

`

dz t~z!1r lDrE
dw(r i)2 l (r i)

`

dzt~z!1
r l

2

2 E
A
d2r i8E

dw(r i)2dw(r i8)

`

dzE
z

`

dv w̃~ ur i2r i8u,uvu!

2r lDrE
A
d2r i8E

dw(r i8)2 l (r i)

`

dzE
z

`

dv w̃~ ur i2r i8u,uvu! ~6.8!
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takes into account the effects due to the lateral variation
dw(r i). C vanishes fordw(r i)[dw5const.

If the substrate contains inhomogeneities with large lin
extensions, i.e., the substrate is translationally invar
along one of the lateral directions, the subdominant con
bution Vs decomposes into ‘‘true’’ surface and line contr
butions as discussed above for the SCS, LCS, and CST
the absence of such an additional translational symmetry
cannot identify a genuine line contribution.

The equilibrium liquid-vapor interface profilel̄ (r i)
minimizes Vs . Inserting l̄ (r i) into Vs renders a laterally
varying equilibrium wall-vapor surface tensionswg(r i) such
that

E
A
d2r i swg~r i!5 min

$ l (r i)%
Vs@ l ~r i!#5Vs@ l̄ ~r i!#, ~6.9!

where@see Eq.~6.3!#

swg~r i!5DVbl̄ ~r i!1swl„r i ;dw~r i!…1S lg„r i ,@ l̄ ~r i!#…

1v„r i , l̄ ~r i!;dw~r i!…1C„r i , l̄ ~r i!;@dw~r i!#….

~6.10!

Within the local theory and fordw(r i)[dw , Eq. ~6.10! re-
duces to

swg~r i!5DVbl̄ ~r i!1swl~r i!1s lgA11„¹ i l̄ ~r i!…
2

1v„r i , l̄ ~r i!… ~6.11!

with the corresponding ELE

s lg¹•S ¹ l̄ ~r i!

A11„¹ l̄ ~r i!…
2
D 5DVb1

]v~r i ,l !

] l U
l 5 l̄ (r i)

5DVb2Drr l t„ l̄ ~r i!2dw…

1DrV„r i , l̄ ~r i!…. ~6.12!

This type of equation is often used~e.g., in Ref.@32#! to
study the macroscopic properties of liquidlike wetting laye
and droplets on structured substrates. This section provid
microscopic basis for the underlying concept of a local, s
tially varying surface tension as it is used in several stud
~e.g., in Refs.@31–33#!.

VII. SUMMARY

We have obtained the following main results.
~1! Based on the description of wetting phenomena

homogeneous substrates within the framework of den
f

r
t

i-

In
ne

s
s a
-
s

n
ty

functional theory~Sec. II, Fig. 1!, we have derived a system
atic decomposition of the grand canonical potential of a fl
in contact with a chemically heterogeneous substrate
bulk, surface, and line contributions. The minimum of t
latter yields the equilibrium morphology of the adsorbed l
uidlike wetting films and the associated line tension with
mean field theory. As paradigmatic cases we have studie
simple chemical step~SCS; see Fig. 2 forn→`, and Sec.
III A !, a chemical step within a surface layer supported b
homogeneous substrate~LCS; see Fig. 2 and Sec. III B!, and
a chemical stripe~CST; see Fig. 3 and Sec. III C!.

~2! Across a SCS the profiles of the liquid-vapor interfa
of the liquidlike adsorbed wetting film morphology interpo
late between their asymptotic values corresponding to
wetting film thicknesses on the two individual, homogeneo
substrates forming the SCS~Figs. 7 and 9!. The curvature of
the profiles changes sign near the position of the step~Fig.
4!. On each side of the step the lateral widthD6 of this
transition region is governed by the corresponding late
correlation lengthj i of the height-height correlation functio
@see Figs. 8 and 10 and Eqs.~4.15! and ~4.16!#. This width
diverges according to power laws which depend on whet
a complete or critical wetting transition~Fig. 5! is ap-
proached. Near these transitions the dependence of the
files on the lateral coordinatex and onj i exhibits scaling
properties @Eqs. ~4.17! and ~4.21!# with singular scaling
functions ~Fig. 6! such that at the wetting transitions th
profiles diverge algebraically as function ofx @see Eqs.
~4.19! and ~4.23! and Figs. 13 and 14#. The corresponding
amplitudes as well as those for the van der Waals tails of
profiles@see Eqs.~4.8! and~4.9!# have been determined ana
lytically. The various power laws are modified by retardati
~Sec. IV E!. Near first-order wetting transitions the interfac
profiles vary on a molecular scale~Fig. 11!, and are sensitive
to the details of the laterally varying substrate potential.

~3! The morphology of the wetting film across a chemic
step within a surface layer~LCS! is similar to that on a SCS
The confinement of the chemical heterogeneity to a thin s
face layer leads to more rapidly decaying van der Waals t
@Eqs.~4.10!–~4.12!# as compared with the SCS and modifie
amplitudes for the power-law divergences as function ox
@see the discussion after Eq.~4.24!#. The scaling functions
for the SCS and LCS are the same. The main structural
tures of the wetting film across a LCS are already induced
very few heterogeneous surface monolayers on the subs
~Fig. 12!.

~4! If the chemical heterogeneity is confined to a stri
~CST! complete wetting of the inner region is inhibited by a
incompletely wetted outer region~Fig. 15!. The leakage of
the liquid into the outer region is governed byj i correspond-
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ing to the latter. Thus the tight confinement of the liquid
the stripe can be accomplished by choosing an embed
outer material on which only thin wetting films can form
This confinement can be achieved even if the inner mate
‘‘prefers’’ macroscopically thick wetting films. In the latte
case and for wide stripes with widtha the interface profile
has the shape of a semiellipse@Eq. ~4.25!#, and the excess
coverage supported by the stripe scales asa3/2 ~Fig. 18!. The
perturbation of the interface profile near one step by the
tant step has been determined analytically@Eq. ~4.26!#, as
has the corresponding van der Waals tails characterizing
decay into the outer region@Eqs.~4.13! and~4.14!#. Only for
sufficiently wide stripes can the film thickness on the str
attain the valuel 1 for the corresponding homogeneous ca
~Fig. 16!. If, on the other hand, the outer region undergoe
complete or critical wetting transition but the inner regi
does not favor it, the thickening wetting film spills over in
the stripe region and drags its wetting behavior along, le
ing behind a dent~Fig. 17!. The depth of the dent behave
nonmonotonously as function of the undersaturationDm. Ul-
timately, for Dm→0 the depth of the dent vanishes and
width diverges proportional toj i so that the net depletion o
the coverage caused by the stripe diverges as (Dm)24/15 ~Fig.
17!.

~5! The dependence of the line tensiontCST(a) associated
with a chemical stripe on the stripe widtha leads to a latera
force per unit lengthf (a)52]tCST(a)/]a @Eqs. ~5.2! and
~5.3!# acting on the stripe and leading to a compression
dilation which is balanced by the elastic forces of the s
strate. Except for small stripe widthsa;s f the constant con-
tribution f 05sw2g2sw1g is the dominating one. The exces

contribution f ex(a)5 f (a)2 f 0(a) decays as f ex(a→`)
;a23 ~Fig. 19!. Whereas for solid substrates this force h
practically no effect, we expect that for liquidlike wettin
films on a liquid substrate decorated with a Langmu
Blodgett film which contains a stripe of different material t
force can become important. In this case the adsorbed
ting films cause a detectable change in the stripe width
pending on the compressibility of the Langmuir-Blodg
films.

~6! In Sec. VI we presented a systematic microsco
derivation of the Euler-Lagrange equation@Eq. ~6.12!# for a
liquidlike film adsorbed on an arbitrary chemically structur
substrate~Fig. 20!. This approach also provides a micr
scopic calculus for determining local, laterally varying wa
vapor and wall-liquid surface tensions@Eqs.~6.4! and~6.10!#
required for macroscopic analyses. Lateral inhomogene
within the repulsive part of the substrate potential mod
these expressions with respect to what is expected intuiti
@see Eqs.~6.7! and ~6.10!#.
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APPENDIX A: POTENTIALS
OF HETEROGENEOUS SUBSTRATES

We approximately determine the substrate potential b
pairwise summation of the interaction between a single fl
ng
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particle and all substrate particles. To this end we assu
that the molecules in the substrate are located at orthorh
bic lattice sites with the lattice constantsgx , gy , andgz in
thex, y, andz directions, respectively. The leading contrib
tion from this summation corresponds to a three-dimensio
integration over the substrate volume. The discrete sum g
erates in addition subdominant contributions which are p
portional to powers of the lattice spacings. The substrate
tential can be written as a sumV(x,z)5Vatt(x,z)
1Vrep(x,z) of an attractive contribution and a repulsive co
tribution. In the attractive contribution we take into accou
the two leading orders of this power series, whereas the
pulsive contribution is modeled by a steplike crossover
tween the repulsive parts of the potentials of the correspo
ing homogeneous, semi-infinite substrates. This assump
is justified because the repulsive interaction decays very
idly and is only significant forz&1.5s f , wherez50 de-
notes the position of the nuclei of the top substrate layer

The different chemical species are distinguished by1
and2, denoting the different potential coefficients. If a h
mogeneous substrate is covered by a heterogeneous su
layer of finite thickness we denote its constituent molecu
by H. For the interparticle potential we adopt the Lenna
Jones form

f6,H~r !54e6,HF S s6,H

r D 12

2S s6,H

r D 6G . ~A1!

Under these conditions one finds, for a SCS, i.e., for t
adjacent quarter spacesw1 andw2 ~see Fig. 2 withn5`),

Vatt
SCS~x,z!52

u3
11u3

2

2

1

z3
1

u3
12u3

2

2
X 1

x3
2S r

xzD
3

1
3

2

1

xzr
C

2
u4

11u4
2

2

1

z4
2

u4
12u4

2

2 S x

z4r
1

1

2

x

z2r 3D
1

u4,x
1 2u4,x

2

2
X 1

x4
2S z

x4r
1

1

2

z

x2r 3D C
1O~x2mz2n,m1n55!, ~A2!

with r 5Ax21z2 and

Vrep
SCS~x,z!5Q~2x!

u9
2

z9
1Q~x!

u9
1

z9
. ~A3!

The coefficientsu3
6 , u4

6 , andu9
6 are defined by the poten

tials of the respective homogeneous, flat, semi-infinite s
strates w1 and w2 @see Eq. ~2.12!#, whereas u4,x

6

5u4
6gx

6 /gz
6 .

Similarly, for the homogeneous, flat substratewH covered
by two different, adjacent surface layerswS,6 which consist
of n5d11 monolayers~compare Fig. 2!, we obtain
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Vatt
LCS~x,z!52

u3
H

„z1~d11!gz…
3

2
u4

H

„z1~d11!gz…
4

2
u3

11u3
2

2 S 1

z3
2

1

~z1dgz!
3D

2
u4

11u4
2

2 S 1

z4
1

1

~z1dgz!
4D 1

u3
12u3

2

2 F2x41x2z̃ 212z̃4

2x3z̃ 3r̃
2

2x41x2z212z4

2x3z3r
G

2
u4

12u4
2

2 Fx~3z̃ 212x2!

2z̃ 4r̃ 3
1

x~3z212x2!

2z4r 3 G1
u4,x

1 2u4,x
2

2 F z̃~3x212z̃ 2!

2x4r̃ 3
2

z~3x212z2!

2x4r 3 G
1O~x2mz2n,m1n55!, ~A4!

wherez̃5(z1dgz), r 5Ax21z2, r̃ 5Ax21 z̃ 2, and

Vrep
LCS~x,z![Vrep

LCS~z!5
u9

H

z9
. ~A5!

The coefficientsuj
6 and uj

H correspond to the coefficients of the homogeneous, flat substrate covered by a homog
surface layer@see Eqs.~2.10! and ~2.11!#, whereasu4,x

H,65u4
H,6gx /gz .

Finally, for the slabwst immersed in a homogeneous substratew ~see Fig. 3! the summation yields

Vatt
CST~x,z!52

u3
2

z3
2

u4
2

z4
2

u3
12u3

2

2 S 1

X3
2

1

Y3D 2
u4,x

1 2u4,x
2

2 S 1

X4
1

1

Y4D
1

u3
12u3

2

4 F2X41X2z212z4

z3X3~X21z2!1/2
2

2Y41Y2z212z4

z3Y3~Y21z2!1/2 G1
u4

12u4
2

4 FX~3z212X2!

z4~X21z2!3/2
2

Y~3z212Y2!

z4~Y21z2!3/2G
1

u4,x
1 2u4,x

2

4 F z~3X212z2!

X4~X21z2!3/2
1

z~3Y212z2!

Y4~Y21z2!3/2G1O~x2mz2n,m1n55!, ~A6!

where the abbreviationsX andY denoteX5x2a/2 andY5x1a/2, and

Vrep
CST~x,z!5QS uxu2

a

2Du9
2

z9
1QS a

2
2uxu Du9

1

z9
, ~A7!

with the coefficients defined as above for the SCS.
At large separations between a fluid particle and the substrate retardation effects set in, so thatf6,att(r→`);r 27 @48#. In

this case the leading contribution toVatt
SCS(x,z) is

Vatt~x,z!52
v4

11v4
2

2z4
1

v4
12v4

2

2 H 1

x4
2

2

p S arctan~x/z!

z4
1

arctan~z/x!

x4 D 1
2

3p

x223z2

z3x3
2

8

3p

x

z3~x21z2!
J

1O~x2mz2n,m1n55!. ~A8!
b

by
d in
-

f

APPENDIX B: DECOMPOSITION OF THE GRAND
CANONICAL DENSITY FUNCTIONAL

1. Single chemical step

The sharp-kink ansatz@Eq. ~3.3!# for Eq. ~2.1! leads to the
decomposition of the grand canonical free energy given
Eqs.~3.4!, ~2.7!, and~3.5!, with

Vs
6~ l 6!5 l 6DVb1sw6 l1s lg1v~ l 6!, ~B1!
y

where the effective interface potentialsv6( l ) are given by
@compare with Eq.~2.19!#

v6~ l !5DrH r lE
l 2dw

6

`

dz t~z!2E
l

`

dz V6~z!J . ~B2!

Here we have omitted artificial contributions generated
truncating the system; these contributions are discusse
Ref. @51#. The surface contribution is that of two half sub
stratesw1 and w2 covered by liquidlike wetting layers o
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thicknessl 1 and l 2 , which are exposed to the potentia
V1(z) and V2(z), respectively, of the corresponding sem
infinite, homogeneous substrates. This defines a refer
system such that the deviation of the smooth profilel (x)
from the reference configuration~see the dashed lines i
Figs. 2 and 3!, due to the heterogeneity and to the smoo
crossover ofV(x,z) from V2(z) to V1(z), leads to the line
contribution

V l@ l ~x!#5t~dw
6 ,l 6!1ṽ@ l ~x!#. ~B3!

The termt(dw
6 ,l 6), which is independent ofl (x), is given

in Eqs.~B12!, ~B19!, and~B20! in Ref. @51#. @We note that
there the plus sign of the last term in Eq.~B20! must be
replaced by a minus sign.# The contribution which depend
functionally onl (x) reads

ṽ@ l ~x!#5DVbGex1E
2`

`

dx$v„x,l ~x!;dw
1
…

2v„x,l `~x!;dw
1
…%

2Drr l S E
2`

`

dxE
l (x)2dw

1

l `(x)2dw
1

dz t̄~x,z!

2E
2`

`

dxE
l (x)2dw

2

l `(x)2dw
2

dz t̄~x,z! D
2

1

2
~Dr!2E

2`

`

dxE
2`

`

dx8E
0

`

dz

3E
0

l (x)2 l (x8)
dz8 w̄~x2x8,z2z8!, ~B4!

where l `(x)5 l 2Q(2x)1 l 1Q(x). The first term measure
the cost in free energy for replacing a certain volume
vapor by the liquid phase. It is proportional to the exce
coverage

Gex5E
2`

`

dx@ l ~x!2 l `~x!#, ~B5!

and vanishes at coexistencem5m0. The second term is the
integrated ‘‘local’’ effective interface potential

v~x,l ;dw!5DrH r lE
l 2dw

`

dz t~z!2E
l

`

dz V~x,z!J .

~B6!

The third term, involving integrals of

t̄ ~x,z!5E
x

`

dx8E
z

`

dz8 w̄~x8,z8!, ~B7!
ce

h

f
s

takes into account the difference betweendw
2 and dw

1 and
vanishes fordw

25dw
1 . The last contribution, with

w̄~x,z!5E
2`

`

dyw̃~Ax21y21z2!, ~B8!

describes the free energy of the deformed free liquid-va
interface. It is anonlocal functional of l (x). A gradient ex-
pansion to the first order of this contribution yields the fou
term of the correspondinglocal functional ṽ loc@ l (x)#:

2
1

2
~Dr!2E

2`

`

dxE
2`

`

dx8E
0

`

dz

3E
0

l (x)2 l (x8)
dz8w̄~ ux2x8u,uz2z8u!

→s lgE
2`

`

dxHA11S dl

dxD
2

21J . ~B9!

2. Chemical stripe

The sharp-kink approximation of the density profile f
the CST is

r̂~x,z!5H QS uxu2
a

2DQ~z2dw
2!1QS a

2
2uxu DQ~z2dw

1!J
3@Q„l ~x!2z…r l1Q„z2 l ~x!…rg#. ~B10!

Insertion ofr̂(x,z) into Eq. ~2.1! leads to the decompositio

V„@ r̂~x,z!#;T,m;@w̃#,@V#…

5LVb~rg ,T,m!1AVs„l 2 ;T,m;@w̃#,@V#…

1LyV l„@ l ~x!#;T,m;@w̃#,@V#…, ~B11!

with Vb given by Eq.~2.7!. The surface contribution stem
from the reference system which in the case of the CST is
structured substrate covered by a liquidlike layer of thickn
l 2 that is exposed to the potentialV2(z),

Vs~ l 2!5Vs
2~ l 2!, ~B12!

with Vs
2( l 2) defined by Eqs.~B1! and ~B2!.

The line contribution for the CST is given by

V l@ l ~x!#5t~dw
6 ,l 2!1ṽ@ l ~x!#, ~B13!

and represents the free energy associated with the devia
of l (x) from the asymptotic valuel 2 , i.e., of the reference
configuration. In Eq.~B13! the first term does not depend o
l (x):
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t~dw
6 ,l 2!52a~dw

12dw
2!Vb

( l )2~dw
12dw

2!r l
2E

0

`

dz t~z!2ar lE
dw

2

dw
1

dz V2~z!

12r l
2H E

0

`

dxE
0

`

dz2E
0

`

dxE
dw

1
2dw

2

`

dz2E
a

`

dxE
0

`

dz1E
a

`

dxE
dw

1
2dw

2

`

dzJ t̄ ~x,z!

1r lE
2`

`

dxE
dw

`(x)

`

dz dV~x,z!2DrE
2`

`

dxE
l 2

`

dz dV~x,z!, ~B14!

with dV(x,z)5V(x,z)2V2(z) anddw
`(x)5Q(uxu2a/2)dw

21Q(a/22uxu)dw
1 . The interpretation of the different terms in E

~B14! is analogous to the SCS~compare Ref.@51#!. The second term in Eq.~B13! depends onl (x)

ṽ@ l ~x!#5DVbGex
CST1E

2`

`

dx$v„x,l ~x!;dw
2
…2v~x,l 2 ;dw

2!%

1Drr lE
2`

`

dxE
2a/2

a/2

dx8E
l (x)2dw

1

l (x)2dw
2

dzE
z

`

dv w̄~x2x8,v !

2
1

2
~Dr!2E

2`

`

dxE
2`

`

dx8E
0

`

dzE
0

l (x)2 l (x8)
dz8 w̄~x2x8,z2z8!, ~B15!

with

Gex
CST5E

2`

`

dx@ l ~x!2 l 2#. ~B16!

The interpretation of the first two terms is the same as for the SCS; the third term is generated by the difference of the
volumes at the surfaces of the inner and outer regions, and vanishes ifdw

15dw
2 . The last term is the same as in Eq.~B4!.

The corresponding local functional expressionṽ loc@ l (x)# follows by replacing the last term in Eq.~B15! by the local
functional given in Eq.~B9!. We note that for all three substrate types~SCS, LCS, and CST! the functionalsṽ@ l (x)# ~and
therefore alsoṽ loc@ l (x)#) exhibit the same structure ifdw

15dw
2 .
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